Biological functions of DNA depend on the sequence-specific binding of DNA-binding proteins to their corresponding binding sites. Binding of these proteins to their binding sites occurs through a facilitated diffusion process that combines three-dimensional diffusion in the cytoplasm with one-dimensional diffusion (sliding) along the DNA. In this work, we use a lattice model of facilitated diffusion to study how the dynamics of binding of a protein to a specific site (e.g., binding of an RNA polymerase to a promoter or of a transcription factor to its operator site) is affected by the presence of other proteins bound to the DNA, which act as 'obstacles' in the sliding process. Different types of these obstacles with different dynamics are implemented. While all types impair facilitated diffusion, the extent of the hindrance depends on the type of obstacle. As a consequence of hindrance by obstacles, more excursions into the cytoplasm are required for optimal target binding compared to the case without obstacles.
I. Introduction
Processing of the genetic information is to a very large extent dependent on the sequence-specific binding of proteins to DNA. Examples include binding of transcription factors to specific operator sites and binding of RNA polymerases to promoters.
1 Sequence-specificity is typically not perfect, and binding motifs therefore are typically 'fuzzy', with a range of different sequences displaying comparable affinities for the protein and an even larger range showing weak affinity. 2 In addition, binding of DNA-binding proteins (DBPs) to DNA usually has an electrostatic component that is independent of the sequence, i.e. non-specific. For that reason both the equilibrium binding pattern and the binding kinetics of DBPs can be quite complex. 3 Nevertheless, DBPs find their functional binding sites (of size B10-30 bp 1,4 ) with remarkable efficiency despite the large number of non-specific binding sites (B10 6 in the genome of E. coli) that compete for binding with the functional site. In a seminal work, Riggs et al. measured the in vitro rate at which the lac repressor finds its promoter, and they found that under certain conditions, the lac repressor binds to its target at faster rates than the simple three dimensional diffusion limit. 5 To explain this phenomena, Berg,
Winter and von Hippel proposed the so called facilitated diffusion model, 6, 7 in which such high binding rates are achieved if the DBP undergoes a combination of three-dimensional (3D) excursions in the bulk solution, together with one-dimensional (1D) sliding on the DNA. This theoretical model has been strongly supported by experimental techniques that directly showed the number of basepairs scanned via 1D sliding, [8] [9] [10] and the average fraction of time the DBP remains bound to the DNA before unbinding. 11, 12 Since it was proposed, facilitated diffusion has been the subject of much theoretical, [13] [14] [15] [16] [17] [18] experimental 4, [19] [20] [21] [22] [23] [24] and computational [25] [26] [27] efforts. Interest in facilitated diffusion has been renewed by the direct observation of facilitated diffusion in bacterial cells using single-molecule techniques. 11, 12 One key feature that is different in cells compared to in vitro is that the cytoplasm is not a dilute solution, but a rather crowded environment that can be occupied up to 40% by macromolecules. 28, 29 The presence of these macromolecules (crowders) inside the cells has effects on diffusion, [30] [31] [32] enzymatic reactions, [33] [34] [35] [36] protein folding [37] [38] [39] [40] and gene expression. [41] [42] [43] In addition, the DNA itself is also covered with proteins that bind to the DNA in order to perform functions such as transcription, DNA repair and gene regulation. 1, [44] [45] [46] Moreover, the DNA itself is spatially organized and compacted by histones in eukaryotes and nucleoid-associated proteins in bacteria. 47, 48 Thus, the DNA is also highly occupied (B30%) by DBPs that affect the facilitated diffusion process. So far, only a few of the theoretical studies have included the impact of these macromolecules on the promoter finding dynamics. [49] [50] [51] [52] [53] In this paper we address the effects of obstacles bound to the DNA in facilitated diffusion, i.e. in the promoter search of RNA polymerase or the search of a transcription factor for its functional binding site. We use a lattice model to study the a Max Planck Institute of Colloids and Interfaces, Science Park Golm, facilitated diffusion, first in the free case without crowders and then in the presence of obstacles on the DNA. Specifically, we consider three different types of obstacles characterized by different dynamics on the DNA. We show that, for all types, facilitated diffusion is impaired when the DNA occupation fraction increases, but the strength of the effect depends on the type of obstacle. The lattice model we use aims to create a clear conceptual understanding of the facilitated diffusion rather than to provide a detailed computational description of the process. The method is, however, applicable more generally.
II. Lattice model for simulating facilitated diffusion
Facilitated diffusion is studied using Monte Carlo simulations of particles on a 3D lattice with periodic boundary conditions. The simulation box has a total volume
where l is the lattice spacing, chosen as the linear extension of the smallest particle type. A DNA molecule is implemented as a linear arrangement of lattice sites along the y axis with x = z = (m x /2)l = (m z /2)l. The system contains a target (e.g., a promoter or a regulatory binding site) and two types of particles: One DBP searching for the target and obstacles on the DNA, see Fig. 1A . All particles are taken to occupy exactly one lattice site. We take the target to be static, and its position is randomly chosen among the DNA lattice sites. The DBP is initially placed randomly in the bulk solution, whereas the obstacles are placed on DNA lattice sites, occupying a fraction of DNA equal to O=L, where O is the number of obstacles and L ¼ m y the length of the DNA template. Here, obstacles are considered to be only on the DNA and they are not allowed to unbind and diffuse in the bulk solution.
In our implementation, the DBP can either diffuse in the bulk solution or slide on the DNA. If the DBP is in the bulk solution, at each simulation time step (of duration t), it moves to each neighboring site with a probability of 1/6. Thus, DBP diffuses in the bulk solution with diffusion constant
If one of the neighboring sites is part of the DNA and it is free, the move is always accepted, and the DBP is placed onto the DNA. In contrast, if the DNA site is occupied by an obstacle, the move is rejected and the DBP stays in the bulk solution (since obstacles are not allowed to unbind, and moves within the bulk solution are always unhindered). Thus, no interactions other than steric repulsion are considered between the DBP and the obstacles. If the DBP is bound to the DNA, it can either diffuse on the DNA or unbind from it with a rate k off . If the DBP diffuses on the DNA, it performs a 1D random walk along the y axis with diffusion constant D 1 . Unless stated otherwise, we choose D 1 = D 3 /10, as 1D diffusion is typically slower than 3D diffusion. 9, 11 Since we are interested in the effects that obstacles on the DNA have on the facilitated diffusion process, we implement three types of obstacles with different dynamics on the DNA: (i) static (immobile) obstacles, (ii) obstacles that diffuse on the DNA with a diffusion constant D 1 , and (iii) obstacles that both diffuse and unbind from the DNA. Facilitated diffusion is expected to be affected differently by these three types of obstacles. 1D diffusion of both the DBP and the mobile obstacles is implemented as follows: if the destination site of a move is already occupied by another molecule, the move is rejected and the position is not updated. Position update of different molecules is performed in a random-sequential fashion: In every simulation step, we update the DBP position together with O randomly chosen obstacles, in such a way that on average all particles are updated once per simulation step. 1D diffusion takes places until the DBP unbinds from the DNA with probability P off . Thus, P off determines the rate at which the DBP unbinds from the DNA, k off = P off t À1 . We note that experimentally, the unbinding rate is typically varied via the salt concentration, 23, 24 because non-specific binding to DNA is typically of electrostatic nature and can be screened by large salt concentrations, resulting in large values of P off . In our simulations, the DBP finds the target either by 3D diffusion, if hopping from the bulk to one of the six neighboring lattice sites of destination happens to be the target, or by 1D diffusion if one of the two neighboring lattice sites is the target. Once the target has been found, we record the search time, and the DBP is randomly placed in the bulk solution.
III. Facilitated diffusion without obstacles
We start by considering the reference case of facilitated diffusion without obstacles on the DNA. This has been extensively studied in the past, both theoretically and computationally. [13] [14] [15] [16] [17] [18] [25] [26] [27] In particular, it is well known that the efficiency of facilitated diffusion strongly depends on DNA concentration, D 1 and salt concentration (k off ). 26, 50, 54 The lattice model allows us to modulate these parameters and also provides a rather intuitive interpretation of the facilitated diffusion mechanism.
To begin with, we simulate facilitated diffusion in lattices of different sizes, thus effectively varying the DNA concentration. We keep the length of the simulation box (the direction parallel to the DNA) fixed at m y = 1000l, but vary the box width in the other two dimensions (m x = m z = L = 10, 20, 30 and 60l). Simulations are run until 2000 target finding events have taken place.
In order to quantify the efficiency of facilitated diffusion in comparison to the free 3D diffusion case, we consider the ratio of the average search times T/T s . Here, T is the average time for finding the target by facilitated diffusion, and T s is the average time for finding the target via free 3D diffusion in the absence of DNA. Thus, if this ratio is less than one, facilitated diffusion is more efficient than the free diffusion case, whereas if the ratio exceeds one, it would be better for the system to find the target by simple 3D diffusion.
The essence of facilitated diffusion can be understood based on the following simple argument: the rate for target finding is diffusion-limited and thus given by k = gDa, and the corresponding search time T = (kc) À1 , where D is the diffusion coefficient, a the size of the target, and c = 1/V the concentration of the DBP (in our scenario a single one). g is a numerical prefactor, which is g = 4p in the classical Smoluchowski result, 55 and g = 4 in our lattice model, where the target is a site on the DNA. Thus, the average time for target finding is obtained as T = 1/k = V/(gDa). The presence of the DNA has two different effects on the DBP dynamics, which can both be understood by introducing effective parameters: on one hand, transient binding to the DNA effectively slows down diffusion.
Since diffusion along the DNA is typically slow, one can interpret binding to the DNA as pauses in 3D diffusion. These pauses can be incorporated into an effective diffusion coefficient
where P b is the probability for the DBP to be bound to the DNA. For the lattice model, this probability is given by
On the other hand, sliding along the DNA effectively increases the size of the target. To reach the target, the DBP does not need to bind to the target site directly, but may also bind close to the target and slide there by 1D diffusion. The average distance, over which the DBP slides along the DNA while bound, is given by
and is called the sliding length. Thus, the target size is effectively increased to a eff = l. Taken together, the two effects lead to
and a search time of
In 14 with which the last expression agrees up to the numerical prefactor g. It is important to notice that only the latter of the two effects facilitates diffusion to the target, while the former slows it down, so the name 'facilitated diffusion' is only appropriate in a limited range of the parameter space. Since measured 1D diffusion coefficients are typically smaller than 3D diffusion coefficients, 9,11 the slowing of diffusion has an important effect on non-specific binding to DNA and may well be the dominant effect for many proteins. Fig. 1B shows the T/T s ratio as a function of l for constant D 1 . As l increases, longer sliding events on the DNA take place when the DBP binds nonspecifically to the DNA. Thus, the effective target size increases and facilitated diffusion becomes optimal at l C 11l. For larger l, the DBP spends more and more time non-specifically bound to the DNA, thereby D eff becomes smaller and facilitated diffusion becomes inefficient. A good agreement between our simulation data (red squares), and our analytical description (solid line) is observed. We note that the analytical argument given above is only valid for sliding lengths that exceed one lattice site. To correct this effect, we have used an effective target size a eff = max{a,l} for the solid line. An important feature of this result is that the search time is non-monotonic as a function of the DNA binding strength. This feature has been a hallmark of facilitated diffusion, which has been at the center of many theoretical studies, 6, 7, 14, 15, 17 and which was confirmed experimentally by varying the salt concentration. 23, 24 Based on our simple argument above, it can be interpreted as arising from the opposite effects of increasing the strength of non-specific binding on the effective diffusion coefficient and the effective target size. Fig. 1C shows T/T s as a function of k off for four different DNA concentrations. In all the cases, a non-monotonic behavior is observed as the value of k off is modulated. For low values of k off , ratios larger than one are obtained, reflecting mostly the effective reduction in the 3D diffusion constant. Thus, in this parameter range, 3D diffusion in the absence of DNA is more effective that facilitated diffusion. For intermediate values of k off , a minimum in the T/T s ratio is observed. In this case, sliding on the DNA indeed facilitates binding to the promoter, due to the effectively larger target size, i.e. l + l. For high values of k off , the T/T s ratio gets close to one, as DNA binding is weak and has only a small effect.
In the case of V = 60 Â 1000 Â 60l 3 , the optimal value of k off is found to be 0.0002t À1 . Then, the DBP diffuses on average over a sliding length of l C 11l. With the obtained optimal value of k off we can obtain the probability that the DBP is bound to the DNA P b = 0.48, see eqn (1). Thus, on average, the DBP spends approximately the same time bound to the DNA as diffusing freely in the bulk solution. This is in agreement with Marko's model, which predicts that the fraction of time the DBP spends on the DNA is the same fraction of time it spends in the bulk solution.
14 Notably, the latter prediction is not general and in cases with high DNA concentration it is no longer valid. For example, when taking the case of V = 10 Â 1000 Â 10l 3 , we find that the optimal unbinding rate is k off = 0.1t À1 . When substituting the latter value of k off into eqn (2), we obtain that P b = 0.063. Here, the very frequent DBP-DNA nonspecific binding events drastically reduce D 3 if the DBP spends a relatively long time on the DNA. Thus, the optimal DBP dynamics is the one at which the DBP spends most of the time in the bulk solution with very short sliding events on the DNA, see the pink data in Fig. 1B . Though similar qualitative behavior in facilitated diffusion is observed at all DNA concentrations, large quantitative differences are obtained. As the DNA concentration increases, the minimum in the T/T s ratio gets close to one, and the optimal k off value shifts to the right. This shows that at large DNA concentrations, it is more efficient for the system to tune the k off parameter to large values, and thus, decrease P b .
Eqn (5) suggests that there are two relevant parameters of facilitated diffusion, the binding probability P b and the sliding length l. Each of these parameters determines the strength of one of the two effects of non-specific DNA binding. They are related to the microscopic parameters k off and D 1 , but using these two parameters does not separate the two effects. Experimentally, modulation of the parameters via salt concentration modulates k off and thereby acts via both effects.
As a check of the parameter dependencies indicated by eqn (5), we systematically vary P b and l. This is done microscopically by modulating k off with the D 1 /k off ratio fixed and D 1 for constant k off , respectively. The results are shown in Fig. 2 . The color map in Fig. 2A shows the rate for target binding as a function of both parameters. Light blue color indicates parameter combinations for which 'facilitated diffusion' is indeed optimal, i.e. the combination of 3D and 1D diffusion is more efficient than free 3D diffusion (T/T s o 1). It is rather inefficient if the DBP remains bound to the DNA for long time without scanning the DNA. The dependencies on the individual parameters are shown in Fig. 2B and C, respectively. Fig. 2B shows the promoter finding rate as a function of the sliding length for constant values of k off and, thus, P b . The horizontal lines represent the limiting case where the DBP binds to the DNA but does not diffuse along it (D 1 = 0). The star indicates the finding rate in the absence of DNA. As expected from eqn (5), the rate increases linearly with increasing sliding length (except for sliding lengths l t l, where the effective target sizes becomes Cl). The linear increase is seen for all values of k off . The plot also shows that sufficiently large sliding lengths are needed in order for the binding rate to exceed the free binding rate in the absence of DNA. The minimal required sliding length for facilitation increases with increasing P b or decreasing k off . Fig. 2C shows the finding rate as a function of (1 À P b ), the probability that the DBP is free in solution, for constant sliding length. For low values of (1 À P b ), the DBP frequently binds non-specifically to the DNA. These events effectively reduce the 3D diffusion constant to D eff = D 3 (1 À P b ). In agreement with this expectation, the finding rate increases linearly with the probability to be unbound, 1 À P b .
IV. Effect of obstacles on the DNA
Next, we consider the impact that obstacles on the DNA have on facilitated diffusion. To that end, we implement three types of obstacles with different dynamics: obstacles of the first type diffuse on the DNA, but do not unbind. We set the crowders to diffuse on the DNA with the same 1D diffusion constant D 1 as the DBP. The obstacles can transiently occupy the target position, making it inaccessible for the DBP, independent of whether the DBP arrives via 3D diffusion or 1D sliding. The second type of obstacles that we consider are static (D 1 = 0), with obstacles regularly spaced on the DNA. In this case, we make sure that the target is placed on a free DNA lattice site between the obstacles. Obstacles of type three also diffuse on the DNA, again with the same diffusion constant as the DBP, but, in addition, these obstacles can dissociate from the DNA with a rate k Obst off . In these simulations, we do not track diffusion of unbound obstacles in the bulk. Rather, when an obstacle dissociates from the DNA, we immediately place a new obstacle on a random position of the DNA in order to keep the DNA occupation fraction constant, see the representation of the obstacles in Fig. 3 . The obstacle that dissociates is removed from the simulation.
Based on the two effects of (non-specific) binding to DNA discussed above, one can argue that obstacles on the DNA affect target finding only through the effective target size. By contrast, obstacles or crowders in the solution, which we do not consider here, would mostly affect it via the effective diffusion, although one can also expect an increase in the target size (due to crowding-enhanced binding to the DNA, which increases the sliding length 25, 26 ). Obstacles on the DNA that act as barriers for sliding effectively reduce the sliding length and thus the target size. Thus one can estimate an effective target size to be the smaller one of the two length scales of this system, the sliding length on one hand, and the average distance between obstacles on the other. 
However, Fig. 3A shows that the dynamics of the roadblock also matter for the results. Here, we run simulations for two different values of k off , k off = 0.005t À1 and 0.00001t À1 , at 10% DNA occupation. Shown data are for obstacle types one and two. The plot shows the target finding rate as a function of l when modulating D 1 . Lines represent the limiting case of D 1 = 0. As D 1 increases, the finding rate becomes larger. For l C 3l the promoter finding rate starts to differ between the different types of obstacles. On one hand, at O=L ¼ 0:1 there is an obstacle every 10 lattice sites if they are static. Thus, as D 1 increases, the search scenario becomes effectively one in which the DBP finds a target of size a eff = 10l, with an effective three dimensional diffusion constant D eff . On the other hand, if obstacles diffuse on the DNA, a eff fluctuates and can transiently be reduced or increased. Thus, saturation takes place at larger values of l. We note that this average size depends on the obstacles' onedimensional diffusion constant.
In Fig. 3B we plot the T/T s ratio as a function of the fractional occupation of the DNA by obstacles, for three different values of k off , k off = 0.005, 0.0002 and 0.00001t . These values correspond to sliding lengths of l C 3l, 11l and 58l, respectively. We note that in all cases, the presence of obstacles has a negative effect on facilitated diffusion, even for intermediate values of k off at low occupation fractions.
In general, static obstacles have the largest impact on facilitated diffusion, because they effectively trap the DBP once it has been bound non-specifically to the DNA. In this case the only way that the DBP can overcome an obstacle is to unbind from the DNA. Thus, the negative effect of static obstacles on the T/T s ratio becomes larger as the unbinding rate k off decreases. Type-1 obstacles have the second largest effect on facilitated diffusion. Here, even though obstacles trap the DBP in regions where the target may not be present, this trapping changes as the obstacles diffuse on the DNA, making the target accessible to the DBP, even if it remains bound to the DNA for long time. However, 1D diffusion is effectively slowed down by obstacles on the DNA. The effect of the obstacles decreases as the DBP unbinding rate increases. Type-3 obstacles have the weakest effect on facilitated diffusion. In this case, the DBP can access the target in the same way as for type one. Since the obstacles can unbind from the DNA, the trapping effect is weaker and the DBP can scan larger sections of DNA. Thus, the impact of this type of obstacle on facilitated diffusion is more modest.
Interestingly, for different types of obstacles and DBP unbinding rates, the T/T s ratios can get close and even cross (Fig. 3B ). To take a better look into this issue, we reconstruct the facilitated diffusion plot for different levels of fractional DNA occupation, and obtain the k off value at which facilitated diffusion is optimal, see Fig. 4A -D. As can be observed, the minimum shifts towards higher values of k off and higher values of T/T s . Next, we plot in Fig. 4E the optimal values of the T/T s ratio as a function of DNA occupation. Static obstacles have the strongest effects on facilitated diffusion, and the dissociating obstacles the weakest. In Fig. 4F , we plot the corresponding values of k off at which facilitated diffusion is the most effective. Here, as the DNA occupation increases, the DBP needs to bind less tightly and scan smaller sections of DNA at every 1D sliding excursion. This suggests that in order to be as efficient as possible, the DBP has to spend more time in the bulk solution than on the DNA. Specifically, we showed above that in the absence of obstacles on the DNA, the DBP spends on average C50% of the total search time bound to the DNA. In the presence of static obstacles occupying 20% of the DNA, the average time the DBP spends bound to the DNA under optimal conditions is decreased to only 9%.
V. Concluding remarks
In this paper, we used a simple computational approach to study the promoter finding process via facilitated diffusion. We used lattice simulations to revisit how the promoter finding process is affected when modulating different parameters in our simulations. Non-specific binding to the DNA effectively reduces diffusion in the bulk and thereby the diffusion-limited binding to the target. At the same time, sliding along the DNA effectively increases the size of the target. The competition of these two effects leads to a characteristic maximum in the binding rate. This maximum is very sensitive to the concentration of DNA, D 1 , k off and l. The lattice model provides a rather intuitive picture of these situations as well as an efficient computational implementation of facilitated diffusion.
In addition, we have studied the effects that different types of obstacles have on the facilitated diffusion process. In general, since the DBP is (at least transiently) trapped between two obstacles, its sliding length is reduced, decreasing effectively the target size. Beyond that, our results suggest that obstacles with different dynamics on the DNA have different effects on facilitated diffusion, with static obstacles affecting the finding rate the most. In order to be as efficient as possible, the DBP has to modulate its interaction with the DNA, and spend more time in the bulk solution. The methods we used here can be applied more generally and there are a number of possible extensions to this work, such as addressing the effects of crowders on the bulk solution on the facilitated diffusion process. Other aspects of facilitated diffusion will require more detailed molecular approaches, for example the effect of DNA flexibility and supercoiling, which are difficult to implement in the lattice model. The latter has been shown to have an effect on target search kinetics with more rapid target finding for a coiled DNA conformation than for stretched DNA conformations. [56] [57] [58] Studying the interplay of the DNA conformation and obstacles will be a task for future work.
